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Background and motivation



5

SUR model: Overview

Introduced by Zellner (1962) 

Many studies have contributed to the analysis of SUR 
models.

Many textbooks and journal papers
Zellner (1963),Gallant (1975), Rocke (1989), Neudecker 
and Windmeijer (1991), Mandy and Martins (1993), Kurata 
(1999), Liu (2002), Ng (2002) and references therein. 
Zellner (1971), Judge et al. (1988), Greene (2002), 
Geweke (2005), Lancaster (2004), Rossi, McCulloch and 
Allenby (2005) and so on. 
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SUR model: Overview Cont. 
Generalized least squares 

Zellner (1962, 1963),  GLS, Iterative GLS, finite sample  
Madansky (1964), Iterative GLS and ML     

Bayesian Methods  
Zellner (1971), et al. , approx. finite sample 

posteriors, Stein shrinkage,  etc.                            
van der Merwve and Viljoen, (1998), Bayesian MOM

Bayesian Markov Chain Monte Carlo estimation 
Percy (1992, 1996), Chib and Greenberg (1995), Smith and 
Kohn (2000) and Rossi et al. (2005))
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SUR model : Motivation

MCMC methods are rather complicated and 
involve many decisions

Initial parameter value
Choice of an appropriate proposal density
The length of the burn in period
Check for convergence 
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SUR model : Motivation

Several drawbacks of MCMC

Can we estimate the Bayesian SUR model by 
using a direct Monte Carlo (DMC) procedure? 
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Comparison of DMC 
and MCMC

Items DMC MCMC (Gibbs)

Need to fix the number of samples drawn Yes Yes

100% acceptance of draws Yes No (Yes)

Require initial parameters value No Yes

Burn-in period setting No Yes

Check for convergence No Yes

Select convergence check criteria No Yes

Selection of a proposal density No Yes (No)

Use of a proposal density No Yes (No)

User friendly
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The standard SUR models
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The standard SUR models (1/2)
A set of m equations (E.g.,Zellner (1971))
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The standard SUR models (1/2)

The likelihood function
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Bayesian estimation
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Bayesian approach (1/3)

Diffuse prior 

Joint posterior distribution
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Bayesian approach (2/3)

Conditional posteriors

with
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Bayesian approach (3/3)
Normal/inverse Wishart priors

Conditional posteriors
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The DMC procedure for 
the transformed SUR model
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Transformation(1/2)

The original SUR model

Transformation
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Transformation(2/2)

The transformed model

The likelihood function
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Bayesian estimation
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Bayesian analysis of the 
transformed model (1/3)

Diffuse prior 

Joint posteriors

1
3 3 3

1

( ) ( ) ( ) ( )
m

j
j

π π π σ −

=

,Σ = Σ ∝ .∏b b

( 1)
2

1

( ) ( )
( ) ( ) exp

2

m
j j j j j jn

j
j j

Z Z
g D σ

σ
− +

=

⎡ ⎤′− −
,Σ | ∝ − .⎢ ⎥

⎢ ⎥⎣ ⎦
∏

y b y b
b



23

Bayesian analysis of the 
transformed model (2/3)

The conditional posteriors

with
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Bayesian analysis of the 
transformed model (3/3)
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A direct Monte Carlo (DMC) 
sampling procedure:

1: Fix the order of a set of m equations. Set the number of 
samples N to be generated.  Set

2  Generate       ,                , and insert the drawn values
in               . Then make a draw       , from                , 
for                   . 

3  Increase the index               . Draw        from the 
conditional inverse gamma density                          , and
then generate       from                                   for

4  Repeat Step 3 sequentially until j=m. 
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Some remarks (1/3)

Only set the number of sampling

Improper prior… Bayes factor? 
BPIC (Ando, 2007)

Informative prior?

Inference on the original SUR model?
{ } { },Ω ,Σβ b

?
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One to one relationship

Transform a set of posterior samples

Generate    from the conditional posterior

Some remarks (2/3)
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Some remarks (3/3)

The original model
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Inference on the original model
The conditional posteriors
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A direct Monte Carlo (DMC) 
sampling procedure:
1: Fix the order of a set of m equations. Set the number of 

samples N to be generated.  Set

2  Generate       ,                , and insert the drawn values
in               . Then make a draw       , from                , 
for                   . 

3  Increase the index               . Draw        from the 
conditional inverse gamma density                          , and
then generate       from                                   for

4  Repeat Step 3 sequentially until completion . 
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Numerical results
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Simulation study
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Simulation study
MCMC approach

Two DMC methods  

DMC algorithm 1

DMC algorithm 2

1
3 3 3

1

( ) ( ) ( ) ( )
m

j
j

π π π σ −

=

,Σ = Σ ∝ .∏b b

1
2( 1) 2 2

1
1

( ) ( ) ( )
m

m
jm

m j
j

Jπ σ
− −+ /

=

,Σ ∝| Ω ,Σ | | | =∏b b



35

Simulation study

The true model

Dimension of X=2
n=100 
# of DMC sampling 10,000
# of MCMC sampling 11,000 (1,000 burn in)
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Predictive density
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(a)True sampling density.

(b) Estimated predictive density based on the DMC 1. 
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Summary of the parameter 
estimates for DMC1
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Summary of the computational 
time of each methods

The variation of the computational time for each method. 

For MCMC, the computational times are measured from the initialization of 
parameters to the end of posterior sampling. 

The computational times for our method are measured from the first 
posterior sampling to the end of posterior sampling. 
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Real data analysis 1
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Incense product sales forecast
In 2006, the size of the market for incense products 
in Japan was estimated to be about 30 billion yen. 

In Japan, traditional incense is used differently from 
lifestyle incense. 

Data consist of the daily sales figures for incense 
products from April, 2006 to June, 2006. 

The data were collected from two department 
stores, both located in Tokyo. 



41

Incense product sales forecasting
Model 
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Estimation results

DMC1 algorithm is used.

Holiday 
Promotion
Weather 
Event

Holiday 
Promotion
Weather 
Event



43

Real data analysis 2
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Forecasting economic growth
We forecast the growth rates of real sales of 
several sectors of the Japanese economy

Agriculture, Automobile and Service

1977~2004, Quarterly data.  

1 1 2 3 4 1 5 2j t j t j t j t j t j t jty SR M GDP GDP GDP eβ β β β β, + − −= + + + + + ,

growth rate of TOPIX                the logarithm of quarterly real GDP

growth rate of the real monetary base (M2)
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Forecasting economic growth
Forecasting:

1999, 2nd quarter ~2004 the 4th quarter. 

The mean of the predictive densities are used 
to forecast one quarter ahead growth rates 

These sector growth rate forecasts are then 
transformed into sales forecasts for each 
sector

1 1ˆ ˆ j tj t j t YyY ,, + , += ×

Actual outcome at time t
Forecast of one quarter 
ahead growth
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Comparison to AR model
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The SUR model with DMC1 algorithm is used.
An AIC score is used to select the AR model
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Conclusion
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Conclusion
A direct Monte Carlo (DMC) approach for 
Bayesian analysis of SUR models.

Some advantages of DMC

The method performed well in Monte Carlo 
experiments and applications using actual 
data. 

We can recommend our DMC approach for 
the analysis and use of the SUR model. 
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Conclusion

Items DMC MCMC

Need to fix the number of samples drawn Yes Yes

100% acceptance of draws Yes No

Doesn't require initial parameters value Yes No

Doesn't need a burn-in period setting Yes No

Doesn't need to check for convergence Yes No

Doesn't need to select convergence check 
criteria

Yes No

Doesn't require selection of a proposal 
density

Yes Yes / No

Doesn't require use of a proposal density Yes Yes / No

User friendly
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Future work
The DMC approach can be applied to more 
complex variants of the SUR model, for example 
those involving use of regression splines, wavelet 
bases, and so on. 

Fat-tailed error.

Numb. of sampling

Our method can be applied to the widely used 
simultaneous equation model. 

Forecasting Japanese economy by MMM model
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Appendix1: 
MCMC sampling algorithm (1/3)
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Appendix1: 
MCMC sampling algorithm (2/3)



61

Appendix1: 
MCMC sampling algorithm (3/3)
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Summary of the parameter 
estimates for DMC2

3.00
2.00
2.00
1.00
0.10
0.05
0.20

−

−

True values

Note: Result from 1 dataset
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Summary of the parameter 
estimates for MCMC

3.00
2.00
2.00
1.00
0.10
0.05
0.20

−

−

True values

Note: Result from 1 dataset
In Appendix, the  MCMC details are described
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Summary of the results 
(100 Monte Carlo trials, n=50)

3.00
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−
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Summary of the results 
(100 Monte Carlo trials, n=100)

3.00
2.00
2.00
1.00
0.10
0.05
0.20

−

−

True values
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Summary of the results 
(100 trials; the same data)
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Variable selection

IC 2 log ( ) ( ) 2L D g D d d s= − | ,Σ ,Σ | Σ + × ,∫ b b b

Improper prior                Bayes factor

Information criteria

BPIC (Ando, 2007)

DIC (Spiegelhalter et al. 2002)
log ( ) log ( ) ( )s L D L D g D d d= | ,Σ − | ,Σ ,Σ | Σ∫b b b b

dim{ } dim{ }s = + Σb



68

Variable selection results 
(100 Monte Carlo trials)
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Summary of the parameter estimates 
from other MCMC setting

Following the suggestion for the MCMC method of Meyer et al. (2003), 
we set the proposal density for beta as normal with mean equal to the 
posterior mode and the variance equal to 1/10 of the previous one

Meyer et al. (2003) Previous table
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