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Background and motivation




SUR model: Overview

e Introduced by Zellner (1962)

e Many studies have contributed to the analysis of SUR
models.

e Many textbooks and journal papers

Zellner (1963),Gallant (1975), Rocke (1989), Neudecker
and Windmeijer (1991), Mandy and Martins (1993), Kurata
(1999), Liu (2002), Ng (2002) and references therein.

Zellner (1971), Judge et al. (1988), Greene (2002),
Geweke (2005), Lancaster (2004), Rossi, McCulloch and
Allenby (2005) and so on.



SUR model: Overview Cont.

Generalized least squares
Zellner (1962, 1963), GLS, lterative GLS, finite sample
Madansky (1964), Iterative GLS and ML

Bayesian Methods

Zellner (1971), et al. , approx. finite sample
posteriors, Stein shrinkage, etc.

van der Merwve and Viljoen, (1998), Bayesian MOM

Bayesian Markov Chain Monte Carlo estimation

Percy (1992, 1996), Chib and Greenberg (1995), Smith and
Kohn (2000) and Rossi et al. (2005))



SUR model : Motivation

e MCMC methods are rather complicated and
iInvolve many decisions

e Initial parameter value

e Choice of an appropriate proposal density
e The length of the burn in period

e Check for convergence




SUR model : Motivation

e Several drawbacks of MCMC

v

e Can we estimate the Bayesian SUR model by
using a direct Monte Carlo (DMC) procedure?



Comparison of DMC
and MCMC

User friendly

$

ltems DMC | MCMC (Gibbs)
Need to fix the number of samples drawn Yes Yes

100% acceptance of draws Yes No (Yes)
Require initial parameters value No Yes

Burn-in period setting No Yes

Check for convergence No Yes

Select convergence check criteria No Yes

Selection of a proposal density No Yes (No)

Use of a proposal density No Yes (No)
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The standard SUR models




The standard SUR models (1/2)

e A set of m equations (E.qg.,Zellner (1971))

y;=XB;+tu,, J=L..m,
(nx1) (nxp;) (p;x1) (nx1)

(1 (i = j)

e, I]:iwfl (i=)




The standard SUR models (1/2)

e The likelihood function

L(D[B,€2) = 2™ Q" exp {—%(y— XB)(Q 1) (y- XB)}
i 1
— 2™ Qp exp —Etr{RQ }}
y =(y,.y,) X =diag{X,,... X }

R :(rij); f = (y, _Xiﬁi)’(yj _Xjﬁj)

B=(B..Br )
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Bayesian estimation

B, L2



Bayesian approach (1/3)

e Diffuse prior

7 (B, ) = 7, ()7, (Q) oc| Q[ *
e Joint posterior distribution

0,(B,Q| D) oc| Q"™ exp

—%tr{RQl}}
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Bayesian approach (2/3)

e Conditional posteriors

|9,(B1€2.D) =N (8.6,
0,(Q[p.D) = IW (R, n)

e

with B={X'(Q"NX}I'X'(Q*®1)y
O, =(X"(Q®1)X)"




Bayesian approach (3/3)

e Normal/inverse Wishart priors

77, (B, €2) = 7, (B) 7, ()
7,(B) = N(Bo, A;), 7,(Q) = IW (A, v,)

e Conditional posteriors

92(B|Q, D) = N(Baﬁﬁ)
g,(QQ[B,D)=IW(A,+R,n+v,),



The DMC procedure for
the transformed SUR model




Transformation(1/2)

e The original SUR model

y;=X;Bj+u; J=1..m

e Transformation

Ui — €1

Uz = Oxurter

m-1
Wn =D Prju;+en

j=1
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Transformation(2/2)

e The transformed model

le n X1B1+ et=Z,bites

-1
Yi= le}j+lz_1:pjl(YI_X|B|)+ejEzjbj‘l‘ej, J=2,...,m,

\

e The likelihood function

m 1 (y -Zb)(y -2Zb))
L(D|b,X) = exp| ——2 L ‘ e |
( | ) ]J:!: (272_()_]2)n/2 p 20.J2
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Bayesian estimation

b, 2



Bayesian analysis of the :e
transformed model (1/3)

e Diffuse prior
7,(0.5) = 7,(0)7,(2) o< [ [ (o) "
e Joint posteriors

(y; =£;b,))(y; =Z;b;) |
201-2

g(b,2|D)oc | [ (o) "V exp| -
j=1
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Bayesian analysis of the :e
transformed model (2/3)

e The conditional posteriors

Normal
(b [b,iby, 07, D) =N (b,,07(2,2,) "),

Inverse gamma

1 -\, -\ 1 .
g(c?|b, ;... b, D) = |G(§(yj -Zb,)'(y, ~Z;b;),—(n-p, —J+1)j,

with f’j:(zj'zj)_lzj'yj'
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Bayesian analysis of the
transformed model (3/3)

Graphical presentation of the conditional posteriors

012~g(012|D) 0'22~g(o'22|b1,D) XXy

62~ 9(0% b,y 1,...b;, D)

b,~g(b,|o?.D) by~ g(b,|by,0F,D) eeee

b, ~g(b, b, b, 52, D)
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A direct Monte Carlo (DMC) 4
sampling procedure:

1: Fix the order of a set of m equations. Set the number of
samples N to be generated. Set =1

(k) .
2 Generate 0, , k=1..,N, and insert the drawn values
in z(b,|o;7,D) Then make a draw b , from z(,|s2",D),
for k=1..,N

. : : (k)
3 Increase the index 1+1< ] Draw ¢ from the
conditional inverse gamma density 9(c; [b{....b*.D) = and
(k)
then generate b% from 9(b; [bj,...b°,c;7.D) for k=1..,N

4 Repeat Step 3 sequentially until j=m. 2



Some remarks (1/3)

e Only set the number of sampling

e Improper prior... Bayes factor?
BPIC (Ando, 2007)

e Informative prior?

e Inference on the original SUR model?

1B, Q2} == 1b, 2}
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Some remarks (2/3)

e One to one relationship

2 2
W, =0,
j-1 =

wJ?:ijzka)l<2+ Z pjkpjla)lk+0j29 (] =),

k=1 KI=L k<l
j1
i 2 g
Wji = Pk B + P (J=1).
K=k

e Transform a set of posterior samples

{Glz(k)aas(k)a”';k =1.., N} > {éﬂ(k);k Zl,..., N}
e Generate B from the conditional posterior

B~N (ﬁ(k)’éﬂ(k)) .



Some remarks (3/3) 3
e The original model e Transformed model
Y;=XB;+u; Y, =Z;bj+e;
Tom1-{or eloeT{on s

7, (B, Q) oc| Q[

2(0.3) = 707, () < [ [ ()

\

7,(b, %) oc| (b, Z) ("2 x| J |, =[] (7).
Fi



Inference on the original model

e The conditional posteriors

- 1
(b, b 4,nby, 07, D) =N(b,,0%(Z,'2,)7),

1 -, -\ 1 .
TCAL T bl,D):lG(E(yj—zjbj)(yj—zjbj),g(n—p,-—wl)j,

-1

g(bj|bj_1,...,b1,af,D):N(Bj,af(zj'zj) )

1 ~ ~\ 1 :
g(ajz b4, by, D) = IG(E(YJ _Zjbj) (yj _Zjbi)’E(n_m_ P;— +1)]’
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A direct Monte Carlo (DMC) cet
sampling procedure:

1: Fix the order of a set of m equations. Set the number of
samples N to be generated. Set =1

(k) .
2 Generate 0, , k=1..,N, and insert the drawn values
in z(b,|o;7,D) Then make a draw b , from z(,|s2",D),
for k=1..,N

3 Increase the index J+1< J. Draw <

conditional inverse gamma densi

then generate b% from 9(b; [b§5,.... b5 c=1..,N

4 Repeat Step 3 sequentially until completion . 0
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Numerical results
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Simulation study




Simulation study

e MCMC approach

e Two DMC methods

e DMC algorithm 1
2(0.3) = 7,07, () < [ ] (0,

e DMC algorithm 2

7,(b,2) oc| (b, Z) ("2 3 |, =] [ (67) %
j=1
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Simulation study

e The true model
v.) (X, OB,
{yj_{o XZJ[Bz

B,=G-2) B,=(21)’ Q=

u
1

+

u2

2

@ @

2
w,

B 0.1 —0.05
_(—0.05 0.2 j
e Dimension of X=2

e N=100

e # of DMC sampling 10,000
e # of MCMC sampling 11,000 (1,000 burn in)
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Predictive density

(a)True sampling density.
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Summary of the parameter
estimates for DMC1

True values

3.00
—2.00
2.00
1.00
0.10
—-0.05
0.20

Mean « sD 95%FL »
i 50581 | 005287 234000 51750 «
A -1.96750 | 0052450 | 207470 | -1.8613 4
B 1.38u7e | 008220 | 1.827%« 21476
i 0.3418¢ | 008160 | 077784« 1.035%4 «
@’ 0.110%« | 0.0162¢ | 0.08534+ 0.1476 »
i -0.03450 | 001660 | -0.068% | -0.0056 4
i 0.21%6« | 003230 01641« 02883 »

g

g

g

g

g

g

g

g

Note: Result from 1 datase:t37



Summary of the computational | ss¢
time of each methods

a DhICT » D2 o MCRLT »
Mean < SDs Mean « sl @ Mean « =D o
=50 { T75881s| 0.0704 T5736 0| 00696 14 22230 | 02620 |

p=100 | 123236 | 01266 | 123309 4 01214 | 1515660 | 0.160%|

The variation of the computational time for each method.

For MCMC, the computational times are measured from the initialization of
parameters to the end of posterior sampling.

The computational times for our method are measured from the first
posterior sampling to the end of posterior sampling.
38



Real data analysis 1




Incense product sales forecast

e In 2006, the size of the market for incense products
In Japan was estimated to be about 30 billion yen.

e In Japan, traditional incense is used differently from
lifestyle incense.

e Data consist of the dally sales figures for incense
products from April, 2006 to June, 2006.

e The data were collected from two department
stores, both located in Tokyo.

40



Incense product sales forecasting

e Model

Yie = Bio + LiXie + Lo X + BisXje + BiaXje T Ujs
(t=1..,100, j=12)

Holiday effect Promotion
_ [1 (Sunday, Saturday, National holiday) ~, _ 1 (Execution)
Xju —<k0 (Otherwise) 121 0 (Nonexecution)
Weather effect Event
L (Fine) 1(Holding)
X;5 =140 (Cloudy) Xig = :
. 0 (Nonholding)

-1(Rain)
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Estimation results

Holiday —
Promotion —
Weather —
Event —

Holiday —*
Promotion—
Weather —
Event .

Mean + SD « 9SPT o
8, { 5450520 | 535360 | 430621¢ | 649237 |
8, | 410320 | 539640 | -146753+ | 634520
8, | 15103¢ | 531620 | -8.88370 | 1204050
8, | -1.8303- | 34758¢ | -8.698+ | 49899
8, | 176856¢ | 58354c | 62768 | 29.1508¢
8, | 25559¢ | 3399 | 188576¢ | 321133
&, | 9623 | 42288 | 13021s | 178647+
&, | 1196260 | 40891c | 3.8663¢ | 200723
8, | 233l | 253270 | -26756¢ | 73645«
8, | 84699 | 42123+ | 00517« | 166967+
@l | 5927830 | B9.2884. | 443.5707¢ | 79509220
@, | 109.8778¢ | 4827280 | 2078370 | 21086110
@l | 33189350 | 4962950 | 24838227 | 4425369

DMC1 algorithm is used.
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Real data analysis 2




Forecasting economic growth

e \We forecast the growth rates of real sales of
several sectors of the Japanese economy

e Agriculture, Automobile and Service

e 1977~2004, Quarterly data.

growth rate of the real monetary base (M2)

|

Yit = ﬁleRt "‘:szMt "‘:BstDPt +18j4GDPt—1 +IBjSGDPt—2 T €,

growth rate of TOPIX the logarithm of quarterly real GDP
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Forecasting economic growth

e Forecasting:
1999, 2nd quarter ~2004 the 4th quarter.

e The mean of the predictive densities are used
to forecast one quarter ahead growth rates

e These sector growth rate forecasts are then
transformed into sales forecasts for each
sector

th+1 yjt—l—l
A

Forecast of one quarter

45
ahead growth Actual outcome at time t



Forecasting economic growth

T

T
2002 2003 2004

2000 2001

T T T

T T
SL2 S0°L
(ssres)oLbo

T
Ge'L

T
G6'9

T

T
2000 2001 2002 2003 2004

1] T
2002 2003 2004

2000 2001

T T T T T
0L. S92 092 S§.L 051
(seres)oLbof

Automobile

Service

Agriculture

Actual output

Predictive mean
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Comparison to AR model

E RMSE - MAE -

E SUR with DMC 4 AR | SUR with DMC + AR -
Automobile - 6.1469 - 7.0990. 6.1201- 7.0965
Agricultures 5.0991 - 5.7887. 5.0796- 5.7836

Service - 6.6458 - 7.5656- 6.6365- 7.5636

tmax
. ~ N2
RMSE;= 2, (Y,,=Y,J)%  The SUR model with DMC1 algorithm is used.
An AIC score is used to select the AR model

t=tmin

t

max

MAE;= DY =Y.l

t=tyin
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Conclusion
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Conclusion

e A direct Monte Carlo (DMC) approach for
Bayesian analysis of SUR models.

e Some advantages of DMC

e The method performed well in Monte Carlo
experiments and applications using actual
data.

e \We can recommend our DMC approach for
the analysis and use of the SUR model.
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User friendly

Conclusion

$

500
X X J

ltems DMC MCMC
Need to fix the number of samples drawn Yes Yes
100% acceptance of draws Yes No
Doesn't require initial parameters value Yes No
Doesn't need a burn-in period setting Yes No
Doesn't need to check for convergence Yes No
Doesn't need to select convergence check |Yes No
criteria

Doesn't require selection of a proposal Yes Yes / No
density

Doesn't require use of a proposal density Yes Yes / No
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Future work

e The DMC approach can be applied to more
complex variants of the SUR model, for example
those involving use of regression splines, wavelet
bases, and so on.

e Fat-tailed error.
e Numb. of sampling

o Our method can be applied to the widely used
simultaneous equation model.

e Forecasting Japanese economy by MMM model =
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Appendix1: §"
MCMC sampling algorithm (1/3) :

Sampling 3

At the k-th iteration, we generate a candidate 8% from the proposal density
(8|, D) in (3), where Qg is set to be the maximum likelihood estimate.
Then we accept the candidate draw with the probability @ and reject the draw
with the probability 1 — a. The probability « is defined as

hy (B Q1) N O, D
.*:}::min{l.} 1(}B ; )/Q(ﬁ |MLE; ) },

ha(B%Y, Q1) /g(B* V|, D)

with

h(B,Q) = Q] tmHL/2 oxp —%tr {R(,B)ﬂ_l}] :

where the ijth elements of m x m matrix R(8) is (y;, — X;8,)'(y,; — X;8,).



Appendix1.
MCMC sampling algorithm (2/3) :

Sampling )

Generate a candidate Q®) from the Wishart proposal density ¢(Q|By g, D)
in (3), where 3, is the maximum likelihood estimate. The candidate draw

is accepted with the probability

h (k) (k) Ok) D
o — min{l.} 1({? ’ )/9(|Byig, D) } ’
hi (B, Q1) /g(Q* DBy, D)

and reject the draw with the probability 1 — a.
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Appendix1:
MCMC sampling algorithm (3/3)

-2

(Inttialization). Imitialize B and Q as the maximum likelihood estimates..
Sample the coefficient parameter p. -

Sample the coefficient parameter Q.

Repeat Steps 2 and 3 for a sufticiently long time. -
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Summary of the parameter

estimates for DMC2

True values

3.00
—2.00
2.00
1.00
0.10
—-0.05
0.20

Mean « S DA 25%PI »
Filh 30580 & 005570 | 284059 217357 »
A 196720 | 005450 | S20728e | -1.8595 »
i 1.985% 0.0821e 16265 2.14%4 »
Fi 0.3455« 0.081de | 077818e 1.1011 »
@ 01111« 00161 | 008400 01475 »
@ 003470 | 00167 | -0.06850 | -0.0038 »
@2 0.2224¢ 00328« | 01676 02956 «

Note: Result from 1 dataseg2



Summary of the parameter
estimates for MCMC

True values [ ¢ | Mean <] 8D « 5590 - TEES oo
3.00 B, | 3.0387¢| 00517 | 29377 | 3.1418¢| 14768¢ 1.2326 «
~200 &, | -1.97900] 004750 | -20738-] -18858¢ 04317 0.8065 ¢
2.00 S, | 1.9264e| 007110 | 1.784% | 20660 |  1.2698¢ 1.7746 «

1.00 G, | 095420 007040 | 081600 | 1.09270|  1.2881e 14312 -

0.10 a | 0.1110¢] 0.0160¢ | 0.083%¢ | 0.1472¢| 0.5802¢ 1.1095 »
—0.05 @y | -0.0352¢] 001650 | -0.0701¢] -0.0051] 06408« 0.0255 ¢
0.20 @l | 0.2176¢] 0.0319¢ | 0.16360 | 0.2861¢ 0.2162¢ 0.4975 ¢

Note: Result from 1 dataset
In Appendix, the MCMC details are described

a

a

a
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000

Summary of the results 1
(100 Monte Carlo trials, n=50)

n=>50 4 D21 » DML« MO

True values | Mean <[ 32Ds | Mean | SDs ¢ | Mean # SDs &

3.00 A, ¢ 3001Te| 002040 500100 00803 30008 00301 ¢

~200 A, o -1.9881¢| 007520 -1.9880+0 00783« | -1.9878¢ 00720 ¢

2.00 Ay oo 199450 010210 1.8%8440 | 01021 | 1.99460| 01025

1.00 B, ¢ 08811 011134 09910« 01115 | 09307 01116 «

0.10 @l | 0.1053¢| 0.0215¢ 0.1052¢ | 0.0215¢ | 01054« 00215 ¢

—0.05 ay, | -0.0507«f 0.02350 -0.0508¢| 0.023%0| -0.0540¢] 00251 »

0.20 @ 0| 021860 | 0.0484e| 021660 004820 | 02143« 00478 ¢
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True values

3.00
—2.00
2.00
1.00
0.10
—-0.05

o0

Summary of the results T
(100 Monte Carlo trials, n=100)

n=1010 DIl » D2 « MICKC - ’

s Mean < Dz #| Mean | =Dz #| Mean + =g o

A, o 298770 0.0dede) 289770 004850 288720 0.0483 «)

8, | -2.0045¢ 005200 -2.0045¢ 0.0521¢| -2.0048¢ 0.0519 «

i 1992800 007490 1.922400 [ 007490 195927« 00748 <)

Fis 0.991% | 00704« 099200 00705 09918« 0.0704 <}

mf Al 01067 00155 010670 00155 0106% | 00155 #|

@, ¢ -0.0527¢ 0.0150<] -0.05264] 0.0150] -0.0544¢] 0.0155 <.

.:21;? A 020710 002530 020620 002520 020560 00252 o

0.20
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Summary of the results
(100 trials; the same data)

n=>50 4

DT »

DMC2 »

MCMC o

Mean ~

=Lz #

IMean +#

=D #

Mdean

=Lz &

298860

0.00076e

298760

0.00066¢

2.98260

0.00078 4

-1.59118«

0.00076«

-1.52113¢

0.00071«

-1.5141«

0.0007% 4

1.9800¢

0.00085¢

1.9800¢

0.000%1e

1.98100

0.00108 4

02057

000078

02055

000071+

0.90460

000107 4

0.1091«

0.00024¢

01092«

0.000200

0. 1087

0.00030 4

0.0667+

000022

-0.066Te

000021+

0.0673+

000025 4

0.1934+

0.00035¢

0.1930»

0.000%7

019250

0.00045 4

n=100 4

DMCT »

D2 «

MIMC -

hean +~

=D o«

Mean #

=hig &

Mdean #

=D )

3.0030¢

0.00056¢

30033«

0.00057

30033«

0.00067 4

“1.9578+

0.00052¢

195710

0.00060+

1.95730

0.00061 4

2.0045¢

0.000&60

2.004%

0.00064

2.0035¢

0.00085

1.0263¢

0.00053«

1.0264+

0.00070s

1.0260¢

0.000%3 4

01081

0.00014+

0.1081+

0.00014+

0. 1084

0.00020 4

-0.03524

000016~

-Q03504

000016

-0.0344

000020 4

0.1945¢

0.000Z6¢

0.1926¢

0.00027

0.1903«

0.00033 4

Y

Y

ry

Yy

Y

ry

ry
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Variable selection

e Improper prior * Bayes factor

e Information criteria

IC= -2 log L(D|b.%)g(b.% | D)dbdE + 2xs,

o BPIC (Ando, 2007) S =dim{b}+dim{X}

o DIC (Spiegelhalter et al. 2002)
s =log L(D|B,§)—f|og L(D|b,X)g(b,=| D)dbdx "



Variable selection results
(100 Monte Carlo trials)

a n=>50 » #=100 »
a BPIC 4 DIC #| BFIC 4 DIC 4
Model 1 xy=1x, 30 = %3¢ (e (e (e 0«
Model 2 xy=12, 30 = %30 ¢ s (e 0 0«
Model 3 xy= . x0= (%, ) ¥ (e (e (e 0 e
‘ Model 4 x,=x,), x3 = %y, ¢ 91 20 e 83
Modeld xmy=x.x2=2%57 s (e 0 0«
Model & xy= x50 = (%, 20 ) # 4 B¢ 24 11 »
Model 7 xy=(ay,%,)  x9= Xy ¥ 54 10+ 24 4 &
Model 8 xy=(ay, %) x2= Xy ¥ 0 (e (e 0«
Model 9 xy =y, %) xa= (X, Xy ) ¥ 0 le 0« 2 ¥
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Summary of the parameter estimates

from other MCMC setting

Meyer et al. (2003)

+

+

+

+

+

+

43 Mean « 2Dg » 95%PTs o
i 293420 0.0054¢ 2.92360 29452 ¢
5, -19871 0.0050 -1.5997. 18771 »
By 1.9843¢ 0.0076# 1.97596¢ 2.0092 »
B 0.88594. 0.0075¢ 0.8845 09141 »
@’ 0.1041 0.0151¢ 00787 01379 «
i -0.04300 0.015%¢ -0.07650 -0.0133 »
@ 02186+ 0.0316# 0.1655¢ 02887 »

000

0000

| X X X

XX

o0

o
Previous table
a Ifean » =D e 95%FL o INEF«» CDhe
8y | 30387« 00517« | 28377¢ | 31418 1.4768« 1.2326 ¢
8o | -1.97%0¢] 004750 | -2.0738¢| -1.8858¢ 04317 08065 &
By | 192640 007110 1784% | 208600 1.2698. 17746 »
B, | 095420 007040 081600 | 1.0927¢ 1.2881~ -14312 »
mf 011100 001600 | 008380 | 0.1472¢ 0.5902¢ 1.1095 »
@y, | -0.0352¢] 0.0165¢ | -0.0701¢| -0.0051¢ 0.64080 00255 &
mf 02176« 0.031% | 016360 | 02861 0.2162¢ 04975 &

Following the suggestion for the MCMC method of Meyer et al. (2003),

we set the proposal density for beta as normal with mean equal to the

posterior mode and the variance equal to 1/10 of the previous one
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